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2D Discrete Systems @ML

* Definition: A Two-Dimensional (2D) Discrete System T transforms
a 2D signal x(nq4,n,) to a 2D output signal y(n,n,):

y(ny,ny) = Tlx(ng,ny)l.

z(nime) T[] Wmone)

2D Discrete System.
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2D Discrete Systems @ML

* Linearity:
Tlax; + bx,| = aT|x{] + bT|x,].

« Spatial Invariance:
y(ny,ny) =Tlx(ng, ny)] =

y(n, —mqy,n, —m,) = Tx(n; — mq,n, —m,)l.

|| Artificial Intelligen ,
Informatio AIy Lb



2D Discrete Systems @ML

A 2D Linear Spatially Invariant (LSI) system is described by a 2D
linear convolution:

(n1;n2) = x(nbnz) xx h(ng, ny)

z z x(kq,k)h(ng —kq,ny — ky).

klz—oo kzz—OO

An LSI system Is described by its 2D impulse response h(nq,n,).
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2D Discrete Systems

Graphical calculation of 2D convolution:

y(ny,ny) = Z z x(kq, ky)h(ng — kq,ny — ky).

k1:—oo kZ:—oo
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Reflection about (0,0) and shift of 2D sequence h(kq, k,): h(ny — k{,n, — k).
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2D Discrete Systems
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Visualization of 2D convolution calculation.




2D linear correlation (VML

2D correlation of template image h and input image x (inner
product):
N{-1N,-1
Tha (Mg, Mp) = Z Z h(kq, k2) x(kq + nq, ky + ny) = h'x(ny, ny).
k1=0 k2=0

e h=1h(0,0),..,Ah(N; =1,N, — 1)]": template image vector.

¢ X(n.,ny) =[x(ny,ny), .., x(ng +Ny—1,n, + N, — D" local
neighborhood (window) image vector.
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2D Discrete Systems

2D system stability:
 Bounded Input Bounded Output (BIBO) stability:
V(ny,ny) [x(nyny)l<B -
3B  |y(ny,ny)| < B

 Sufficient and necessary condition of for BIBO stabillity:

i Z h(n,my)| = 8, < oo.

n;=—0nx=-—
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2D Discrete Systems @ML

The impulse response support distinguishes 2D systems in:

2D Finite Impulse Response (FIR) systems have a finite filter
window of size M; X M, samples: 0 <n; <M;, 0<n, <M,.

They are described by the 2D convolution:

M;—1M,—1

Yy = ) Dk, kp)x(ny = kyny = k).

k1=0 k2=0
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2D Discrete Systems @ML

Example of an FIR is the arithmetic moving average filter:

1 V1 U3
y(ny,ny) = M, M, z 2 x(ny —ky,ny —ky).

k]_ =—D1 kz =—V>y

* Oddwindow size: M; = 2v; +1, i =1,2.
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2D Discrete Systems @ML

Moving average image filtering.
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2D Discrete Systems @ML

« 2D Infinite Impulse Response (lIR) systems:

 They do not have a space-limited impulse response support.
 They are described by the difference equation:

z z b(kq,k2)y(ng —kiy,n, —ky) =

ki kj

Z Z a(ry, r2)x(ng —1,Np —13).

rHn 1
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2D Discrete Systems

2D |IR filter (edge detector) output.
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2D Z Transform @ML

Definition of 2D ZTransform

X(z1,2,) = z z x(npnz)Z_nl —N2

N{=—00 Ny=—00
It performs a mapping Z* — C.
- It can be considered as a 2-variable polynomial of z;1,z; 1.

Definition of inverse 2D g Transform:
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2D Z Transform @ML

« Region of Convergence (ROC) is region of the 2D plane
(|z1], |z2|) where 2D Z Transform converges:

> ) I, m)l 1z, ™z, = ) < oo

nl nz 1n|23|

In|z)|

O”D e mensendR€@ion of Convergence of 2D Z Transform.
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Transfer Function of 2D Digital Filters
J (vmL

2D transfer function definition:
Y(Z1:Zz)
X(Z1:Zz) |

H(zy,z) =

Transfer function of a 2D FIR filter:
M;-1M,—-1

H(z;,2,) = Z Z he, k)2 K127

ki1=0 k=0
Itis a 2-variable polynomial of z; %, z; 2.
Such polynomials: a) can not be easily factorized; b) they do not

. have distinct roots.
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Transfer Function of 2D Digital Filters
J (vmL

 Transfer function of a 2D IIR filter:

Zrl Zrz a(rly rz)Zl_rlzz_rZ B A(Z]J ZZ)
Zkl Zkzb(kl’ kz)Zl_k]'Z;kz B(le ZZ) .

H(ZlJ ZZ) —

- Itisa 2D rational function of z;1%, z; 2.

« Denominator polynomial B(z;,z,) may become 0, leading the IIR
system to instabllity. It cannot be easily factorized.
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Stability of 2D Digital Filters @ML

« An easy solution to IIR stability is to employ separable-
denominator IIR filters of the form:

A(Zl»Zz)z A(z4,z)
B(zy,z;) B1(z1)B,(z3)

H(z,2;) =

« The zeros of polynomials B,(z,), B,(z,) are called system poles.

* |f poles are inside the respective unit circles |z;|< 1, |z,] < 1, such
an |lIR system is stable.
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Implementation of 2D Digital Filters (VML

Implementation of 2D FIR filters:
M;—-1 M,-1
y(ny,ny) = Z z h(kq, ky) x(ky — ny, ky — ny).

k1=0 k2=0
* Image scan be scanned row-wise or column-wise or using any

VI A0 FITPOG
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Implementation of 2D Digital Filters (VML

 FIR output calculation at each scanning location can be
parallelized.

* Itis ideal for SIMD computers, e.g., GPU computing.
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Implementation of 2D Digital Filters (VML

Implementation of 2D IIR filters:

y(ny,ny) =
= ) ) alu )i — 1y = 1) = ) > bk ka)y(n — kyng — k2),
1T T ki k>

where (kq, k5) # (0,0).
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Implementation of 2D Digital Filters (VML
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2D IR filter implementation.
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Implementation of 2D Digital Filters
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Output calculation of a first quadrant IIR filter.
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Implementation of 2D Digital Filters (VML

* Despite stability and output mask shape issues, IR filters may
have much less computations than FIR filters of similar
characteristics.

* Their serial execution can be very fast.
« However, their parallelization is not obvious.

« Hence, their execution in SIMD machines (e.g., on GPU cards)
must be considered with care.
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Q& A

Thank you very much for your attention!

More material in
http://icarus.csd.auth.gr/cvmisweb-lecture-series/ /

Contact: Prof. |. Pitas ——
pitas@csd.auth.gr
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