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Outline

• FIR filter design 

• Direct 2D FIR filter implementation

• Digital FIR filter implementation using FFT

• Block-based convolution methods

• IIR filter design.
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Type of 2D FIR Filter 

• 2D digital filters are designed and implemented in such a

way as to cut some spatial frequency bands, while allowing

others to pass through.

• Types of 2D digital filters: Low pass filters, high pass filters,

bandpass filters, bandage filters

3



Type of 2D FIR Filter 

• Low-pass filters leave low-frequency content unaffected,

while completely attenuating high-frequency content.

• High-pass filters behave just the opposite, leaving high

frequencies unaffected and cutting off low frequencies.

• Bandpass filters filter all other frequencies, except those in

their passband.

• Bandstop filters perform exactly the opposite function: they

cut the frequency content within a specific frequency

stopband.
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Type of 2D FIR Filter 

Frequency response of a 2D:  a) Low-pass filter; b) High-pass 

filter; c) Bandpass filter; d) Bandstop filter.
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2D FIR Filter Design

Windows-based 2D FIR filter design method is also

employed in the 1D case.

• It is rather simple and thus widely used:

ℎ 𝑛1, 𝑛2 = 𝑖 𝑛1, 𝑛2 𝑤 𝑛1, 𝑛2 .

• 𝑖(𝑛1, 𝑛2): ideal 2D filter impulse response.

• ℎ 𝑛1, 𝑛2 : designed 2D filter impulse response.

• 𝑤(𝑛1, 𝑛2): 2D window function.
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2D FIR Filter Design

Low-pass 11 × 11 2D FIR filter designed with the aid of 

windows method, utilizing a separable 2D window.
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Direct 2D FIR filter 

implementation
2D FIR filters are linear, translation invariant 2D systems of

finite support region.

• They have non-zero impulse response only within:

ℛ𝑀1𝑀2
= 0,𝑀1 × 0,𝑀2 = 𝑛1, 𝑛2 : 0 ≤ 𝑛1 < 𝑀1, 0 ≤ 𝑛2 < 𝑀2

• The output of a 2D FIR filter is given by a linear convolution:

𝑦 𝑛1, 𝑛2 = σ𝑘1=0
𝑀1−1σ𝑘2=0

𝑀2−1 ℎ 𝑘1, 𝑘2 𝑥(𝑛1 − 𝑘1, 𝑛2 − 𝑘2).

for a filter window (region of support) 0,𝑀1 − 1 × 0,𝑀2 − 1 .
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3.13

• For centered filter window [−𝑣1, 𝑣1] × [−𝑣2, 𝑣2], 𝑀𝑖 = 2𝑣𝑖 + 1,

𝑖 = 1, 2:

𝑦 𝑛1, 𝑛2 = σ𝑘1=−𝜈1
𝜈1 σ𝑘2=−𝜈2

𝜈2 ℎ 𝑘1, 𝑘2 𝑥(𝑛1 − 𝑘1, 𝑛2 − 𝑘2).

Without input zero padding:

• an FIR filter having window 0,𝑀1 − 1 × 0,𝑀2 − 1 can operate

only within the [𝑀1 − 1,𝑁1) × [𝑀2 − 1,𝑁2) part of the input image.

•an FIR filter having window [−𝑣1, 𝑣1] × [−𝑣2, 𝑣2] can operate only

within the [𝑣1, 𝑁1− 𝑣1) × [𝑣2, 𝑁2− 𝑣2) part of the input image.

Direct 2D FIR Filter 

Implementation
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2D Moving Average filter is a 2D FIR filter:

𝑦 𝑛1, 𝑛2 =
1

𝑀1𝑀2


𝑘1=−𝜈1

𝜈1



𝑘2=−𝜈2

𝜈2

𝑥 𝑛1 − 𝑘1, 𝑛2 − 𝑘2 ,

where𝑀𝑖 = 2𝑣𝑖 + 1, 𝑖 = 1, 2.
Properties:

• Very efficient in removing additive white Gaussian noise.

• It tends to blur edges and image details (e.g., lines, fine texture).

• It degrades image quality.

Direct 2D FIR Filter 

Implementation
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Moving average image filtering.

Direct 2D FIR Filter Implementation
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Row-wise image scanning for 2D FIR filtering. 

Direct 2D FIR Filter Implementation



• Zero padding the input image edges by a 𝜈1 = 𝜈2 =

𝜈 pixel wide border ribbon allows

convolution operator to operate on the entire input

image domain.

• Padding is arbitrary and can be done by any other

pixel value, e.g., the ones of the outermost image

rows and column pixels.

• If no padding is performed, the output image has

reduced size 𝑁1 − 2𝜈 × 𝑁2 − 2𝜈 .

Direct 2D FIR Filter 

Implementation



2D FFT Filter Implementation 

• Circular convolution of signal 𝑥 𝑛1, 𝑛2 and impulse

response ℎ(𝑛1, 𝑛2) is defined by:

𝑦 𝑛1, 𝑛2 = ℎ 𝑛1, 𝑛2 ⊛⊛𝑥 𝑛1, 𝑛2

= 

𝑘1=0

𝑁1−1



𝑘2=0

𝑁2−1

𝑥 𝑘1, 𝑘2 ℎ 𝑛1 − 𝑘1 𝑁1
, 𝑛2 − 𝑘2 𝑁2

• ((𝑛))𝑁 = 𝑛 mod 𝑁.
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2D FFT Filter Implementation 

• Circular convolution of sequences 𝑥, ℎ satisfy the property:

𝑦 𝑛1, 𝑛2 = IDFT DFT 𝑥 𝑛1, 𝑛2 DFT ℎ 𝑛1, 𝑛2

• DFT: 2D Discrete Fourier transform:

𝑋 𝑘1, 𝑘2 = 

𝑛1=0

𝑁1−1



𝑛2=0

𝑁2−2

𝑥 𝑛1, 𝑛2 𝑊𝑁1

𝑛1𝑘1𝑊𝑁2

𝑛2𝑘2 .

• IDFT: inverse discrete Fourier transform.

• DFT and IDFT can be calculated effectively using 2D FFT.
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2D FFT Filter Implementation 

• If 𝑥(𝑛1, 𝑛2) support region is: [0, 𝑁1) × [0, 𝑁2) and

ℎ(𝑛1, 𝑛2) support region is: 0,𝑀1 × 0,𝑀2 , 𝑦 𝑛1, 𝑛2 support

region is [0, 𝑁1+𝑀1 − 2) × [0,𝑁2+𝑀2 − 2).

• 2D linear convolution can be estimated in the same way, by

embedding it to a 2D circular convolution.
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Zero padding for embedding a 2D linear convolution to a cyclic one. 

2D FFT Filter Implementation 
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• Calculate 𝑦𝑝(𝑛1, 𝑛2) by using the inverse IDFT of:

𝑌𝑝 𝑘1, 𝑘2 = 𝑋𝑝(𝑘1, 𝑘2)𝐻𝑝(𝑘1, 𝑘2).

• Calculate 𝑦𝑝(𝑛1, 𝑛2) by using the inverse DFT.

• The result of the linear convolution is:

𝑦 𝑛1, 𝑛2 = 𝑦𝑝 𝑛1, 𝑛2 , 𝑛1, 𝑛2 ∈ ℛ𝐿1𝐿2 .

2D FFT Filter Implementation 

IDFT y

DFT

DFT



𝑥

ℎ

Convolution calculation using the DFTs.



2D FFT Filter Implementation 

• For larger filters (close to the image size), computational

complexity is:

• 𝑂(𝑘𝑁4) for the direct method.

• 𝑂 𝑘𝑁2 log2𝑁 using 2D FFT.
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2D IIR filter design

In the following, 𝐼 𝜔1, 𝜔2 will denote the ideal frequency

response and 𝛨 𝜔1, 𝜔2 denotes the frequency response of

the IIR filter under design:

𝛨 𝜔1, 𝜔2 =
𝛢(𝜔1, 𝜔2)

𝛣(𝜔1, 𝜔2)
=
σ𝑛1σ𝑛2 𝑎 𝑛1, 𝑛2 𝑒(−𝑖𝜔1𝑛1−𝑖𝜔2𝑛2)

σ𝑛1σ𝑛2 𝑏 𝑛1, 𝑛2 𝑒(−𝑖𝜔1𝑛1−𝑖𝜔2𝑛2)
.
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2D IIR filter design

• Norms 𝐸2, 𝐸𝑝, 𝐸∞ can be used as a measure of filter design 

success:

𝐸2 =
1

4𝜋2
න

−𝜋

𝜋

න

−𝜋

𝜋

𝛪 𝜔1, 𝜔2 −
𝛢 𝜔1, 𝜔2

𝛣 𝜔1, 𝜔2

2

𝑑𝜔1𝑑𝜔2

𝐸𝑝 =
1

4𝜋2
න

−𝜋

𝜋

න

−𝜋

𝜋

𝛪 𝜔1, 𝜔2 −
𝛢 𝜔1, 𝜔2

𝛣 𝜔1, 𝜔2

𝑝

𝑑𝜔1𝑑𝜔2

1
𝑝

𝐸∞ = max 𝛪 𝜔1, 𝜔2 −
𝛢 𝜔1, 𝜔2

𝛣 𝜔1, 𝜔2 32



2D IIR Filter Implementation

Chain or parallel 2D IIR filter implementation may be used, by 

bring the filter transfer function in the following product or sum 

forms, respectively:

H 𝑧1, 𝑧2 = ෑ

𝑖=1

𝑁
𝐴𝑖(𝑧1, 𝑧2)

𝐵𝑖(𝑧1, 𝑧2)
,

Η 𝑧1, 𝑧1 = 

𝑗=1

𝑁′
𝐴𝑗(𝑧1, 𝑧2)

𝐵𝑗(𝑧1, 𝑧2)
.
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2D IIR Filter Implementation

a) Chain 2D IIR filter implementation (b) Parallel 2D IIR filter.
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Q & A

Thank you very much for your attention!

More material in 

http://icarus.csd.auth.gr/cvml-web-lecture-series/ 

Contact: Prof. I. Pitas

pitas@csd.auth.gr
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